In small volumes, the kinetics of filamentous protein self-assembly is expected to show significant variability, arising from intrinsic molecular noise. This is not accounted for in existing deterministic models. We introduce a simple stochastic model including nucleation and autocatalytic growth via elongation and fragmentation, which allows us to predict the effects of molecular noise on the kinetics of autocatalytic self-assembly. We derive an analytic expression for the lag-time distribution, which agrees well with existing experimental results for the aggregation of bovine insulin into amyloid fibrils. Our solution provides a way to interpret small-volume experiments on fibril formation, providing insight into the mechanisms at play in early-stage aggregation.
The self-assembly of protein molecules into amyloid fibrils is associated with many degenerative diseases [1] , but also presents potential opportunities for the development of new materials [2] . An important success of recent biophysical work has been to show that in vitro kinetic data for amyloid fibril self-assembly can often be explained by deterministic mechanistic models [3] [4] [5] [6] [7] [8] [9] [10] [11] . However, it is unclear how far the results of these largevolume experiments can be translated to clinically relevant intracellular aggregation phenomena, which occur in far smaller volumes.
Figure 1(a) shows results of our own in vitro kinetic experiments on the aggregation of bovine insulin into amyloid fibrils; similar results are obtained for other proteins [2] . These data show an initial lag phase in which no aggregated protein is detectable, followed by a rapid growth phase, terminating in a plateau once all the protein is in the aggregated form. Sigmoidal growth curves such as the one in Fig. 1(a) can often be well fitted by a deterministic kinetic model involving homogeneous primary nucleation ( Fig. 1(c), I ), filament elongation by monomer addition (Fig. 1(c) , II) and autocatalysis via filament fragmentation ( Fig. 1(c) , III) [2, 7, [12] [13] [14] .
In vitro experiments such as those shown in Fig. 1 (a) typically involve sample volumes of 100-1000 µl, orders of magnitude larger than a human cell, whose volume is typically 500 − 3000 fl. In small volumes, the stochastic nature of the underlying chemical reactions ("intrinsic molecular noise") is expected to become important, leading to inherent variability in the aggregation kinetics. Fig. 1(b) shows the results of replicate kinetic Monte Carlo simulations of a stochastic version of the autocatalytic growth model [23] in Fig. 1 (c) in a volume of 830 fl. These simulations predict significant variability in the lag time. Lag-time variability has also been observed in recent pioneering experiments on bovine insulin fibril formation in micro-droplets [16] , as well as in classic small-volume experiments on the polymerization of sickle cell hemoglobin [17, 19, 20] . Matching such data to theoretical models should provide a powerful tool for . The experiments were carried out in volumes of 100 µl, in a microplate reader, at a protein concentration of 0.75 mg/mL, at pH 1.6 and 60
• C, and were averaged over 68 replicate experiments. The kinetics of aggregation was followed via the binding of the fluorescent dye Thioflavin T (ThT), which binds preferentially to the fibrillar form of the protein. The plot shows the fluorescence readout, normalized to its maximum value attained. For full experimental details, see the Supplemental Material. (b) Kinetic curves obtained from kinetic Monte Carlo simulations of a stochastic version of the same model [7, 23] , carried out using the Gillespie algorithm [15] and the fit parameters extracted from (a), but for a volume of 830 fl. (c) Schematic illustration of: (I) primary nucleation, (II) elongation via polymerization and (III) fragmentation. The critical nucleus size for primary nucleation is denoted by nc.
probing the mechanisms involved in early-stage aggregation. In particular, an important question concerns the relative roles of primary nucleation ( Fig. 1(c), I ) and autocatalytic growth ( Fig. 1(c) , II and III) in determin-ing the lag-time distribution for amyloid fibril formation. So far, however, analytic predictions for lag-time distributions have been achieved only for models that do not fully take into account autocatalytic growth [18, 21] .
In this paper, we present an analytic prediction for the lag-time distribution, for a stochastic model of filamentous protein self-assembly that includes primary nucleation, irreversible filament elongation and autocatalysis via fragmentation. We show that our prediction is in agreement with recent data for bovine insulin fibril formation in micro-droplets [16] . Our solution allows us to explore the relative contributions of primary nucleation and autocatalysis in the early stages of aggregation, which are often hard to distinguish solely from fitting deterministic models [22] .
A Coarse-Grained Model for Autocatalytic Protein Self-Assembly. Deterministic kinetic models for amyloid fibril self-assembly usually consist of dynamical equations for the mean number of fibrils n i of a given length i ≥ n c , where n c is the size of the smallest growthcompetent fibril (the "nucleus") [2, 7, [12] [13] [14] [33] . For a model including homogeneous nucleation, irreversible elongation and fibril fragmentation ( Fig. 1(c) , I-III), these equations are non-linear, but various approximations have been successfully employed to obtain their full time-dependent solution [7, [12] [13] [14] . The stochastic version of this model, where the number of each species n i is allowed to fluctuate, is however analytically intractable, although it can be simulated numerically as we have done in Fig. 1(b) .
To obtain an analytic prediction for the lag-time distribution, we coarse-grain the model, while retaining the key processes of nucleation, elongation and fragmentation. Rather than tracking the full distribution of fibril lengths, we track only the total number of fibrils n = i n i and the number of monomers in aggregates m = i in i , but treat them as discrete random variables, which can fluctuate due to intrinsic noise. This coarse-graining, which amounts essentially to summing over fibril lengths in the full model [24] , results in the following set of possible transitions between states n, m of the system:
Transition (1a) represents primary nucleation, which is modeled here as an one-step process in which a new filament is created instantaneously from n c free monomers at rate α[c(t)]ǫ, which is assumed to depend on the molar concentration of free monomers c(t); ǫ = 1/(V N A ), where V is the volume and N A is Avogadro's constant. Transition (1b) represents filament growth by monomer addition at rate 2k + c(t); the factor of 2 accounts for the fact that filaments can grow at both ends. Transition (1c) represents fragmentation; this amounts to an autocatalytic creation of new fibrils from existing ones at rate k f ; the probability that any given fibril breaks is assumed to be proportional to its length. Other autocatalytic mechanisms, e.g. heterogeneous nucleation, can be represented in a similar way. Transitions (1a) and (1b) can be further simplified by neglecting monomer depletion, which amounts to approximating the free monomer concentration c(t) by the initial monomer concentration c tot . This approximation has little effect on the lag phase, during which little protein is aggregated and free monomers are in abundance. It is also worth mentioning that the model of Eqs. (1a)- (1c) is reminiscent of an urn scheme of the Polya kind [25] , but which is embedded in a continuoustime branching process [26] . The probability distribution P n,m (t) for a given n and m obeys the master equation
where α ≡ α(c tot ), µ ≡ 2k + c tot and λ ≡ k f . Starting with an initial condition P n,m (0) = δ n,n0 δ m,m0 , we aim to solve for P n,m (t), and then to find the probability distribution for the lag time, i.e. for the time needed for the number of aggregated monomers m to reach some predefined threshold m T , which we define as 10% of the total number of monomers (which is given by c tot /ǫ, assuming that c tot is measured in moles per unit volume). Analytic Solution for the Probability Distribution P n,m . In order to obtain an analytic solution, we replace the master equation (2) with a corresponding Fokker-Planck equation via the linear noise approximation (LNA), also known as Van Kampen's system size expansion [27, 28] . The LNA assumes that n and m can be decomposed into deterministic and fluctuating parts,
where the fluctuating parts u and v are scaled by √ N A V , and are assumed to be small compared to the deterministic terms. The deterministic parts φ(t) and ψ(t), expressed in units of concentration (here moles per unit volume), solve the following differential equations:
Equations (4a) and (4b) may be solved to yield
Equations (5) and (6) describe the time evolution of the mean concentrations of fibrils and aggregated protein, respectively, and are in good agreement with the deterministic solution of the full model [7] , for early times (because we do not account for monomer depletion, Eq. (5) and (6) do not show saturation at late times). The characteristic time scale 1/ √ µλ = 1/ 2k + c tot k f for autocatalytic growth, which is one of the key predictions of the solution of the full model, also emerges naturally from these equations.
To determine the effects of intrinsic noise, we now turn to the fluctuating parts u and v, which are governed by the following Fokker-Planck equation for the probability density P (u, v, t),
where we assume that P (u, v, 0) = δ(u)δ(v). The drift vector A and the diffusion matrix B are given by
Equation (7) describes a two-variable (time-dependent) Ornstein-Uhlenbeck process which can be solved by standard techniques [28] . Not surprisingly given the nature of the LNA, the final result is a Gaussian distribution
(10) The covariance matrix Σ(t) in (10) can be calculated either by directly solving Eq. (7) or by solving the differential equations for its matrix elements, deduced from (7) . Note that to calculate the lag time distribution we only need to know v(t) 2 ; the time-dependence of the other matrix elements can be found in the Supplemental Material.
Lag Time Distribution. Building on these results, we now obtain an analytic expression for the lag time distribution L(t). This is essentially a first-passage time problem; to calculate L(t), we look for all events such that m has just exceeded m T at a time t, given that it will exceed m T eventually,
The probability Prob[m > m T , t] can easily be calculated by integrating the Gaussian distribution (9) and reads
A lengthy but straightforward calculation for v(t)
where we have adopted the following notation:
Expressions (11), (12) and (13) together give our central result: an analytical expression for the lag time distribution in the linear noise approximation of the master equation (2),
where ψ ′ (t) and v(t) 2 ′ are the time derivatives of ψ(t) and v(t)
2 , respectively, M T = m T ǫ and Z = Prob[k > m T , t → ∞]. Z can be calculated by inspecting the dominant large-time behavior of ψ(t) ≈ A exp( √ µλt) and v 2 ≈ B exp(2 √ µλt) in (6) and (13), respectively, which gives Z = erfc(−A/ √ 2Bǫ)/2. It is important to note that the linear noise approximation made here is valid only if the number of fibrils n and number of aggregated monomers m are large for all times t ≥ 0. For unseeded growth (n = 0 and m = 0 at time t = 0) and slow nucleation rates, a significant portion of the lag time is spent waiting for the first nucleus (i.e. growth-competent fibril of size n c ) to be spontaneously created. We can account for this by assuming that the first nucleus is created at time t 1 , where t 1 follows the exponential probability distribution (α/ǫ) exp(−αt 1 /ǫ). The resulting lag time distribution, which we denote L 1 (t), is thus a convolution,
where in the expression for L(t − t 1 ) we assume one fibril of size n c at t 0 (i.e. φ(t 1 ) = ǫ and ψ(t 1 ) = n c ǫ). The integral in (15) has to be evaluated numerically. Figure 2 shows that the lag-time distribution predicted by (14) and (15) is in good agreement with the results of stochastic simulations of the full model (which takes into account fibril lengths), for several values of the primary nucleation rate α (the small discrepancy in the location of the maximum is primarily due to neglecting monomer depletion). For relatively fast nucleation rates, such that the mean lag time t L is much larger than the inverse nucleation rate ǫ/α, we obtain good agreement with the stochastic simulations using our "bare" LNA prediction L(t) (Eq. 14); for slower nucleation rates, (15) should be used instead. Comparison With Experimental Results For Bovine Insulin. So far, the only available experimental data on amyloid fibril nucleation in small volumes is that of Knowles et al., who tracked the fibrillation of bovine insulin in 52 micro-droplets of volumes in the range 10−300 pl, using ThT fluorescence [16] . Fig. 3(a) shows the resulting lag times (red dots) as a function of droplet volume, compared to our theoretical prediction; the green line shows the mean of L 1 (t) and the error bars show the standard deviation. No fitting parameters were used in this plot; rather the parameters are obtained directly from the experiments [16] [34]; we also assumed, as in previous work that n c = 2 and φ(0) = ψ(0) = 0 [7, 23] . While there are not enough experimental data points to plot a lag-time distribution for any given volume, Fig.  3(a) shows that the variability observed in the experiments is consistent with our theory. This is further evidenced in Fig. 3(b) , where we plot directly the volumedependence of the standard deviation.
Our solution allows us to explore the relative impor- tance of primary nucleation and autocatalytic growth in determining the lag-time distribution. To this end, we compare the predictions of our solution L 1 (t) to those of a crude model which assumes a single stochastic nucleation event at time t 1 , followed by the deterministic autocatalytic growth process taking a fixed time T 1 to reach 10% aggregation starting from a single fibril of size n c (T 1 is given in terms of the kinetic parameters in Ref. [7] ). This has the lag-time distribution (α/ǫ) exp[−(α/ǫ)(t − T 1 )], for t > T 1 , with standard deviation σ c = ǫ/α. Fig. 3(c) shows the standard deviation predicted from L 1 (t), divided by σ c , as a function of volume; deviations of this ratio from unity indicate that autocatalysis makes a significant contribution to the lagtime variability. For the micro-droplet experiments of Ref. [16] , which are in the range of volumes 10 − 300 pl, noise in primary nucleation is the main contributor to the variability (st. dev./σ c ≈ 1, green line); the autocatalytic growth process starts to make an important con-tribution for slightly larger volumes between 300 − 1000 pl. However, for higher α (faster nucleation or higher protein concentration) the role of autocatalysis becomes important for smaller volumes (dashed blue line in Fig.  3(c) ).
Conclusion. We have presented an analytic expression for the lag time distribution, for a stochastic model of autocatalytic protein self-assembly which includes nucleation, elongation and fragmentation. Experiments on amyloid fibril formation in small volumes are becoming increasingly feasible, thanks to advances in microfluidic technology. Such experiments are necessary to probe the early stages of fibril assembly, since fitting of larger-scale in vitro kinetic experiments to deterministic models provides only very limited information about early-stage nucleation and growth [29] . Our solution provides a way to interpret these small-volume experiments. We find that, on the scale of those feasible in microdroplet experiments, and for realistic kinetic parameters, intrinsic variability in both primary nucleation and autocatalytic growth can play a significant role.
Intriguingly, we note that in vitro experiments on the scale of 100-1000 µl can also show significant variability (in tens of minutes) between replicate experiments [30] [31] [32] . Although this variability is sometimes attributed to molecular noise, our results predict a very low degree of invariability in a macroscopic volume of 100 µl (st. dev. ≈ 0.01 min), using the same set of parameters as in Fig. 3(a) . Significant variability in large-scale kinetic experiments therefore must have a different source (e.g. surface effects), not included in existing kinetic models.
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Supplemental Material to:
Inherent variability in the kinetics of autocatalytic protein self-assembly
EXPERIMENTAL SETUP
Bovine insulin was obtained from Sigma-Aldrich (I55004, lot number 0001434060). The zinc content was approximately 0.5% (w/w). The samples in this study were dissolved in 25 mM HCl (pH 1.6) immediately prior to the experiment. All solvents and solutions were filtered through a 0.22 µm filter (Millipore). Concentrations were checked via UV-Vis absorption spectroscopy. ThT was added to each solution to a final concentration of 20 µM. Experiments were conducted using Corning NBS 96-well plates (Corning 3641). These plates are coated with a proprietary PEO-like hydrophilic coating which minimizes the interaction of protein with the plates. It was found that using these plates significantly minimized the variability in the kinetics compared to standard polystyrene microwell plates. Each well of the plate was filled with 100 µL of solution. Experiments were replicated across 2-3 whole plates for each protein concentration. The plates were sealed with a plastic adhesive and then incubated at 60
• C. Fluorescence readings were taken from the bottom optic. The final number of individual experiments for a given protein concentration ranged from ∼ 140-200.
In total, 68 replicate kinetic curves at protein concentration of 0.75 mg/mL were used to obtain average growth curve in Fig. 1(a) (solid black line), which was then fitted to the theoretical prediction from [7] (dashed red line)
obtaining n c = 2, α = 5.8 · 10 −16 mol/(l s), k + = 5 · 10 4 l/(mol s) and k f = 3 · 10 −8 s −1 .
THE FULL STOCHASTIC MODEL
The full stochastic model [23] tracks the number of fibrils n i for each fibril length i ≥ n c , where n c is the size of the smallest stable fibril. A state of the system is then fully described by the collection of integers {n nc , n nc+1 . . . , }.
Master equation that governs the time evolution for the probability P ({n i }, t) to find the system in a state {n i } is then given by
Here, c(t) is the molar concentration of free monomers, c(t) = c tot − i≥nc in i ǫ, where c tot is the initial monomer concentration, ǫ = 1/(V N A ), V is the volume and N A is Avogadro's constant; to account for the possible transition between the states, we used Heaviside step function θ(n) which equals 0 for n < 0 and 1 for n ≥ 0. The first two terms in the Eq. (S2) describe nucleation, the next two elongation and the rest of terms, which we will write in a moment, fragmentation. Now, let us define the total number of fibrils n and the number of monomers in aggregates m, respectively,
The probability P (n, m, t) to find a particular n and m at time t can be obtained by summing P ({n i }) over all states {n i } having i≥nc = n and i≥nc in i = m, i.e.
where δ(i, j) denotes Kronecker delta function. In Eq. (S2), nucleation and elongation terms both contain the number of free monomers c(t), which is statedependent. As we are interested in the early times only, we can ignore monomer depletion and approximate c(t) with c tot . From there it is straightforward to get the master equation for P (n, m, t), which reads
where we used the notation α ≡ α(c tot ).
To write the fragmentation terms, we have to distinguish between fibrils of length n c ≤ i ≤ 2n c − 1 and i ≥ 2n c . These two cases differ in possible ways to break a fibril, taking into account that the smallest stable fibril unit has a length n c . If a fibril of length n c ≤ i < 2n c breaks into two fibrils, then at least one of them must be unstable, and therefore will dissolve. On the other hand, if a fibril of length i ≥ 2n c breaks into two fibrils, at least one of them must be stable. That said, we can write the fragmentation terms on the r.h.s. of the master equation (S2) as fragmentation terms = The first four terms above describe fragmentation which produces exactly one unstable fibril; the fifth and the sixth term describe production of two unstable and two stable fibrils, respectively. Equation (S2) with fragmentation terms given in (5) is the basis of our full stochastic model, which is then compared to the analytical predictions of the simpler, coarse-grained model.
In the simple model, we ignore the occurrences of unstable fibrils, which yields the following master equation for P n,m (t) after summing (S2) and (S5) over all states {n i } with given n and m, 
Except for very early times, m is expected to be much larger than n, and so m − (2n c − 1)n can be approximated by m. That gives the following master equation, d dt P (n, m, t) = (α/ǫ)P (n − 1, m − n c , t) − (α/ǫ)P (n, m, t) + 2k + c tot nP (n, m − 1)
− 2k + c tot nP (n, m) + k f mP (n − 1, m) − k f mP (n, m, t),
which is the subject of our theoretical analysis.
